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TECHNICAL NEMORANDUM NO. 887

COMPARISON OF THEORY WITH EXPERIMENT
IN THE PHENOMENON OF WING FLUTTER*

By P, Cicala

The experimental data that are at present known with
regard to the phenomenon of wing flutter permit essential-
ly two classes of vibrations to be distinguished; namely,
those for which it may be stated that the aerodynamic phe-
nomenon follows the ordinary theory of potential motion,
which theory assumes that the point of separation of the
flow during the oscillation constantly coincides with the
trailing edge of the wing; and vibrations arising from
the irregularity in the aerodynawic phenomenon, whose pre-
diction the present state of the theory does not permit,
To the latter class belong those denoted by Studer as "de~
tached" vibrations and perhaps also some types of slow os-
cillation of the ailergn, **

A wing strncture, in thhe normal range of angle of at-
tack, may, up to a certain velocity, present oscillations
of the second type. Fhen the wing is dbrought to rather
large positive or negative angles of attack, wind tunnel
tests show a notable decrease in the critical velocity,

In the wind tunnel the phenomenon prescnts itself as a
scrious one that would appear to justify the most pessi-
nistic predictions., For a wing of strong camber free to
undergo torsional displacements only and with sufficiently
gmall friction at the supportiang suspension, tests con-
ducted at Turin showed rather low critical velocities in-
dependent almost of the stiffness of the elastic suspen-
sion system when negative angles of attack of only a few

*"La tcoria e ll'esperienza ncl fenomeno delle vibrazioni
alari," L'Aerotecnica, vol, 18, no, 4, April 1938, pp.
412-433. '

**There might also be distinguished forced vibrations
(for example, oscillations of the plane of the tail due
to the disturbed flow from the wing), but no sufficient
data on these exist at present,.
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degrees were attained. The phenomenon, however, showuld
be strongly affected by the Reynolds Number so that from
thegse tests there cannot actually be derived guantitative
conclusions applicable to real structures.. Thig aspect
of the phenomenon ig at the present time being investi-
zated at the laboratory at Zurich,

The greater part of both the theoretical and experi-
mental investigations has been directed to the study of
oscillations of the first typec, In the case of plane mo-
tion (wing of infinite aspect ratio) the problem has been
solved in all its aspects both as regards the aerodynamic
phenomenon and as regards the conditions of gstability of
the system. To cite only a recent investigation, Kassner
(reference 1) has worked out graphs, by the use of which,
for any system of values of tnc fundamental paramsters,
the solution of the problem may be obtained with suffi-
cient rapidity. When it is desired to consgider the case
of the finite wing, trne study is considerably complicated,
Important investigations have recently been conducted by
the Aeronautical dinistry (reference 2), Tne equations
which define the motion of the systcm are derived in a
form analogous to that which is obtained by tac use of the
principle of virtual work (reference &), the deformations
being expressed by mecans of a linear combination of suit-
able functions and the stability conditions discussed with
the aid of Routh's deterainants,

In all the studies so far developed, more or less
arbitrary assumptions are made with regard to the asrody-
namic actions., One of the most important of these assump-
tions is that the forceg which are developed at a section
of the wing are independent of the state of motion of the
adjacent sections, In order to recmove such first approxi-
mation assumptions, which seriously impair the precision
of the methods of computation, there ig reguired a knowl-
edge of the aerodynamic forceg and moments at the various
sections of the wing corresponding to an assigned state of
motion, . This problem has therefore been analyzed (refer-
encc 4) by means of a procedure which is founded on sim-
plificiations analogous to those which, in the study of
the stationary motion of the finite wing (Prandtl vortex
filament theory), lead to the familiar integrodifferential
equation of the circulation along the span. The present
note gives the reguits of the numerical elaboration of
this theory. The coefficients of the aerodynamic forces
and moments were determined for a wing of elliptic plan
form for the two casegs of aspect ratio 6 and 3, respec-
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tively, and expressed in a form .in:which theése coeffi-

-cltentg figure- in_ the eguation of.work, There is also. in-
dicated an.approximate procedure by the use of: which the

results may be extendsd to values of the aspect ratio and
systems of deformation different from thOSe con51dered in.
the given computatlons.

One result tnat appears from the: 1nvest1gation is
that the values of the coefficients of the aerocdynamic ac-
tions are only slightly influenced by the form of the.os-
cillation., The computation carried out for one of these
coaefficients (that which gives the change in 1lift produced
by the flectional (or flapping) displacement) gave almost-
identical values for the cases of a deformation law repre-
sented by a gtraight line and a second-degree parabola,
regspectively. This reult permits a considerable reduction
in the labor of computation regquired for the applications,
Another result of the analysis developed is that the coef-
ficients, even for wings of normal aspect ratio, have val-
ues deviating considerably from those given by the theory
of the two-dimensional or plane motion, This could have
been predicted by the fact that in the vibrational phenom-
enon the sectiong which undergo the greatest displacements
are those at the wing tips most susceptible to the tip ef-
fect, It is found therefors that the experimental investiw
gationsg in which taere tend to De realized the conditions
of plane motion are valuable as confirming the theory, dbut
do not furnish quantitatively valid data for the predic-
tion of the critical velocities of actual wings which are
of rather low aspect ratios,

Also, in experimental investigationg, the aerodynamic
side of the problem has not generally been isolated and
clarified, Normally the tests are carried out on a model
wing in the wind tunnel by determining the velocity at
which the system begins to flutter and the corresponding
frequency of the oscillation, Investigations of this kind
have been conducted and others are being conducted in al-
most all principal aerodynamic laboratories The diffi-
culty which this method of investigation presents is that
the results on the mcdel are applicable to the wing if they
present the same nondimensional ratios of mass and stiff-
ness and the same relative positions of the center of grav-
ity and the elastic axis along the:chord, Thus, in order
to realize in the wind tunnel test in a complete manner
the conditions under which the effective structure is sub-
jected, it would be necessary that’ the model and the actual
wing present at corresponding sections the same values of
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the above nondimensional parameters, On account of the
extraordinary cxpansion in the extent of the investiga-
tions required in this.case and the considerable difficul-
ty cncountered inm the construction of models which are to-
have -the same mass .rclations as the actunl wing, it seems
more convenient to determine the acrodynamic actions by
dircct tests., The coefficients thus experimentally ob-
tained gsubstituted in the egquations of stability then per-
mit the determination of the critical velocity and the
otiner characteristics of the pehnomenon fer any system of
values of the fundamental para.seters, Ian additiomn to be-
ing able thus to cover by a single series of tests the |
range of .variation of tac magnitudces which define the pho-
nomcnon, there is also eliminated the necessity of the
construction of models wihich possess the assigned mass re-
lations. Naturally, in order that the results be applica-
ble, it i¢ necessary that the aerodynamic coefficients be
independent of the Reynolds Number, If this is not the
case, none of the critical velocity determinations thus
far conducted on models would give results of practical
value, '

On the basis of the above considerations there have
been undertaken at the Aeronautics Laboratory at Turin
direct measureménts of the aerodynamic actions on an og~-
cillating winz, The tests so far conducted described in
the notes of references 5 ani 6 had ag their essential
object the examination of the operation of apparatus de-
signed for this measuremecnt and these tests will be re-
peated and extended so as to cover a greater fiecld of in-
vestigation, The values experimentally obtaincd for the
aerodynanic coefficients are in good agreement with the
theory of oscillatory motion of the wing of finite span
and show a clear deviation frow the valuss obtained by
tne theory of plane motioun, Titege deterwminations have
vernitted a check, given at the end of the present note,
on the measurements carried out at the laboratory on the
free oscillation of a model wing with variable stiffness,
The agreement between tue computation and experiments 1is
satisfactory. However, various points must be clarified
before being able to proceed with safety to tue applica-
tions., “When sufficient data hags beccome available on the
aerodynamic actions in the casse of a wiang with or without
aileron and also with regard to the effects of the Reynolds
Number, the mean angle of attack of the oscillation, and
the compressibility of the wmedium; thon the theory of wing
vibration will be able to furnigh reliable results for
practical application. -
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" Collection of Principal Symbols
The principal symbols are the following:
v, the wind vélocity
2, angular frequency
x, coordinate parallel to V
L, 1local chord |
T, ‘mean chord (area/span)

L

X =-3 cos €, distance of a point of a profile section
from the center point
b, wing span
Z = - % cos {, coordinate normal to V
. b .
A= =, asgpect ratio
L
e QL
w = 5;, reduced local frequency
1
QL
‘ o= 57, reduced mean fregquency
iQ
(U' 22 e
v

+b /2

5 'ZC:Q

Since the motion considered is harmonic, there ig
adopted the complex notation, All the magnitudes variable
with time (displacements, vertical velocities, circula-
tions, and 1lift and moment coefficients) are measured as
deviations from a mean state, the exact knowledge of which
is of no interest to the problem, Thegse deviations are
giaply indicated by means of their complex amplitudes, sup-

(RN
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pressing the factor ;elﬂtyv.The conditions relative to the
mean state are studied separately by means of the equations
- of the stationary motion, The superposition of the effects
ig permitted because of the linearity of the fundamental
equations. ' : '

The flectional displacement is denoted by . ® and the
torsional displacement (rotation of the profile about the
aerodynamic center) by V. It is assumed that there ex-
ists no phase difference between the displacements of the
various sections, In every case it 1s possible to reduvuce
the problem to these conditions by splitting up the dis-
placements into two components in quadrature with each
other and examining separately the two simple motions,

The functions o and Y may therefore be considered as
real,

On account of the linearity of the fundamental rela-
tions, the variation of lift produced by the flectional
displacement is proportional to the displacement itself,
Breaking up the coanstant of proportionality, which in gen-
eral is complex; into real and imaginary parts, werwrite
as for the plane motion (reference 5) :

cp = 'n'(al*(‘p/L + lag *QCD/V) (1a)

The nondimensional real coefficients a, * and ag*

depend on the ratio QL/V as for the plane motion, on
the plan form of the wing and on the law of variation of
the displacements, The latter vary along the span as a
consequence of the fact that the actions on one section
depend also on the state of motion of the contiguous sec-
tions,

Analogously, for the variations in 1lift produced dy
the torsional motion we write

ey, = m(az*y + tag* IQV/V) (1b)
and for the moment about the aerodynamic center prodﬁced
by the flectional and torsional displacements, respective-

ly:

Caug (b, *p/L + ib *Qp/V) (1c)

c m(by,*y + ib, * LOW/V) (14)

=
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‘Phe coefficients which represent the actions’in phase

(a*t,. .az*, hi*, .and . ba*).. contain the inertia effects

of the. a1r mass surroundlng the wing. . Thls inertia action,
Wthh remains independent of the veIOC1ty, is conveniently
separated in the computations of the aerodynamic. actlons.
If the mass characteristics of the wing are determined by
a dynamlc procedure, the actions are included in the meas-
urement ... Making use of the results of the theaory of the
wing of inf1n1te ‘aspect ratio (reference 5), we .separate
the inertia terms .(in w2 and write

bl

a* = a,t* + W

é * = g _l*x _ w3/4 >
(2).
bl* = b_t* 4 w8/4

bo*x = b, '* - 3?32

For the practical application, it is of greater interest
to know the mean values of the aerodynamic coefficients
along the span than the local coefficients and we define
the former by the relations.

al'fb p? dz = fb a,'*pfdz )
a, fb ®8Ldz = fb aa* ngdz
as'fsmw Ldz = fﬁ as'*mWLdz
a, ./rbCD\llLadz = er a, * oy Ladz
> (3)

WP Vlaz = Sy by '*xpVldz
bg erCP‘kULadZ = J'b' b a*cp \legd_Z :

bt V7 1%as = L bt v7L %

by erbwa I*dz = ;’-D b* V2 1® dz
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It is easy to show that the coefficients ‘a;', as,¢.s
bs defined by equation (3) satisfy the following condi-
tion, namely, that the virtual work which the aerodynamic
‘actions in phase and in quadrature with the flectional or
torsional displacements perform against these displace-
ments may be calculated by supposing that the aerodynamic
coefficients are constant for the-entire span and have the
values ai',...bs given by equation (3). A4 Xknowledge of
these coefficients is therefore sufficient for the discus-
gsion of the stability of the wing structure by the method
of virtual work (reference 3), It will be understood that
the determination of these coefficients requires in each
cagse the complete solution of the problem for the assigned
wing plan form and displacements, Since these character-—
istics have no great effect on the values of the mean coef-
ficients, the solution of the problem for each particular
case is not necessary.

THE THEORY OF THE WING OF FINITE ASPECT RATIO

IN NONSTATIONARY MOTION

The problem of the oscillatory motion of a wing of -
finite span may be attacked without excessive complication
when there are extended to it the simplifications assumed
in the study of the stationary motion of the finite wing
according to the vortex filament theory.

Let ¢ (fig. 1) be the wing contour in plan form, A
vortex element a, Wwhich for the wing of infinite aspect
ratio extends indefinitely in a direction normal to V,
deviates in the case of the finite wing at a certain point
and bends in the direction of the stream, In order to
pass from the first to the second configuration we add to
the vortex a the angle vortex h, If, in the computation
of the induced veloclity at a point O, we substitute for
the angle vortex n a parallel one having its vertex in
Q@ at the depth of O, we arrive in the case of gsteady
motion at the ordinary thecory of the vortex filament, If
the motion is not steady, there exist vorticesg with axis
normal to V also in the wake behind the wing and there
thus exist also angle vortices for the finite wing in the
wake, The relatiouns given in this note are arrived at if
the angle vortices whose vertices fall within the contour
of the wing are displaced in the manner described for the
steady motion and those of the wake are advanced by the
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amount 4. (fig..2),.which represents the displacement.

.-agcribed to.these-at the-instant at:which.they .leave the

wing, -

The sides of the angle vortices perpendicular to V
serve to eliminate the effect of the prolongation of the
lifting vortices, which are cut off by.the section through
the point O and which are considered as extended indef-
initely on the two sides., The angle vortices having their
vertices at the right of the section are therefore indef-
initely extended.toward the right while thoge with their,
vertices at the left extend indefinitely toward the left,

As has been said the effects of the angle vortices
are computed after displacements have been impressed upon
them, This is equivalent in.each case to the addition of
a transverse horseshoe vortex of which the inducing effect
isg neglected, (See reference 4,) The theory is therefore
approximate inasmuch as an entire system of vortices is
neglected, In the case of steady motion, the theory leads
to.the integrodifferential equation of Prandtl,: Since the
latter theory in ordinary cases leads to sufficiently sat-
isfactory results, it may be expected that the extension
to nonstationary motion leads to results of some imporv'
tance, In order to arrive at more accurate results, it is
possible, having solved the problem by means of the expres-
sions given below, to detcrmine the induced velocities of
the neglected vortex system and treat these by the same
procedure ag the initial ve1001t1es and so on success1vely,
using the method of iteration.

In order to consider the effects of the nonstationary
state of motion, we shall adopt, as for the plane problem,
the method of Birnbaum, which consists in breaking up the
total circulation normal to the direction of V into a
part that corresponds to the aerodynamic actions (bound
circulation) and a part which is shed from the wing in
correspondence to the local variations in intensity and is
carrled along by the stream, (free circulation),

For the case of plane motlon, it is known that the

vertical (downwash) velocity distribution along the chord
of the profile represented by one of the functionsu,,

V(-l.+ cos 23)

a V cog o & (n =2, 3...)

W-l

il

W
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corresponds to the distribution of the. bound circulation
given respectively by the expressions :

I, v <2 gin ¢ - cot % - iw sin 9 cos ¥ - iw sgin 6)

; ' i
ol sin(n + 1)9% +-—iﬂ-sin(n - 1)6)
1 n-1

I

T
n

V"(z sin n % -
.. _ n +

It is also known that the total circulation associated
with the section corresponding to an arbitrary Pn ig al-

ways zero, so that there are no free vortices in the wake,
These asumptions lead to the conclusion that for the finite
wing, if we assume as valid the same simplifications that
lie at the basis of the vortex filament theory, the results
holding for the plane motion may immediately be extended
and i1t may be stated that, if along the chords of the vari-
ous wing sections, the vertical velocity distribution 1is
expressed by means of Wn or a linear cowbination of them,

the distribution of the bound circulation will be repre-
gsented by the corresponding linear combination of Pn’ as

if each section of the wing worked with an infinite aspect
ratio without being influenced by the adjacent sections,

The gseries of W, 1s not complete, however, It is
sufficient to think of the case of the rectilinear profile,

_ for which every W, except W, is zero. The bound circu-

lation may therefore be expressed by means of I' only if
the vertical velocity correspond to the rear neutral point
(cos & = —1/2) always remains zero, as results from the

expression Wl;

In order to complete the series of T we consider

n 3
the bound vortex digtribution

(2)

4 2 Hy 3
' = 2-4A (z)( . cot — 4+ iw gin ﬁ\
0 _ (=2) . (2) 2 /
_ H, + 1 H,
in which A is a function of 2z and H the Hankel

function of parameter w, Denoting by K the total cir-
culation associated with the section, we have

K=m4aLl/u
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where . . u'=-3; (r, (2) .3 H;(.‘?))ei“’
T T - s . N BN - . R

Since the total circulation associated with the various
sections does not remain constant, it will be necessary to
congider the wake vortices. With the simplifications pre-
viougly given, the scheme of figure 2 is arrived at in
whiech is represented the configuration of the system of in-
ducing vortices in the plane of the wing., In computing the
velocity at a p01nt 0,  there are to be consgidered:

a) The bound and free vortices a and correspgond-
ing to the state of motion of the section through O, which
with the expression assumed for I'y (see reference 7) in-

duce along the chord a constant velocity given by
-A = ~p ¥/ L

b) The angle vortices m whose vertices lie on the
normal to V through O with density of circulation
dX/dz., The velocity induced by all of these vortices is

c) The angle vortices h external to the wing. 1In
the wake the vertices of these elements are digstributed
with density

UJ'xld X

—~ ! e

d =z

The velocity induced by one of these is

1(1'+ 1)

— +
3

4 11 \z - z v/ (z - 1) x,%

where x, and =z - 2z, give the coordinates of the vertex
of h with respect to O. We introduce the function

% 1 .'1 1 1 -w'=x, :
F= — t - s T —=)° d x,
./ Z - %, x4 (z - 2z,) X, '
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The induced velocity of the vortex system c) is ex=-
pressed by

w' I i K
- cmm—am—— / F _._—d Z
4 ™/ da z -

Equating the induced velocity of the vortex system to
W,, which the stream should possess on account of its be-
ing tangent to the profile, there is obtained the integro-
differential equation, which defines the function K:

p X
._'ﬂ-Wo_L

1 d K
( —_ - w'f\—-d_z (4)
z - 2z, /d pA

e

/
/b

If there is therefore given the vertical velocity dis-
tribution expressed by means of the series

l .
W(x, 2) = Wy(z) + W, (2) (.2. + cos 'z‘j>+ W (z)cos 2 + ...
AN

the total circulation X may be computed by (4) and the
bound circulation distribution odtained by the series

20K g (e
r- -t < e 7 cot, = + iwsing )+ Wl Ve Wala/V+...
o NE(Z) g (2 2 / (59

In the case of a nondeformable section, the summation is
reduced to the first two terms.

From the bound circulation, there are calculated the
aerodynamic actions beariang in mind that the difference in
pressure between the two faces of the section is given by
the relation

Denoting the 1ift by ¢ 0 L v2 4z and the moment
of the aerocdynamic actions abouE the aerodynamic center of
an elementary strip by ¢, 0 v az and making use of

F

the expression (5) for I, thefé'are found for the coeffi~
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Ty

cients cp and ¢, complex functions of 2z and of the
'"éf;¥éfbf motion of thglgﬁgﬁéﬁ, the foilowing expressions}

s +Lh
/ _ : ~
chv='/ F'd x =%y, +1mwk(W, - W,)/4 (5)
-L
o . +L 1 _
ch°V=/ Fi+->dx=iKpr,/8+
mF A 4

+1TWL<1—--—>/8-TTW L<l--—-—-—>/8-—11WL/éZ

where

Hfz)

i w
My = - =T o+ >u
H1<)+1H0() 2

For practical application, it is necessary, first of
all, to calculate the function F, which, with

X= Qx/v
Z = Q(z - z,) /v

may be written in the form
fre)
’ 1 1 1 1 -1
F(zZ2) = / <—4—— - m——t - > e X d X
. X '

Thid. function is determined for possible values of
the parameter Z, If 2 1is negative F is put in (4)
with sign changed, hig result immediately follows by
considering the configurations of the vortices h to the
right and left of the section through point 0., Since
thig function is fundamental for practical applications,
it was determined with particular care. For values of the
parameter less than 4, there was made use of the approxi-
mate expression
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2 e7 M x / X -3 x° 1,03 x*
F(Z) = LA oy manae \1 + . p— - . +
. X+ 2 \ 2(X +2) 8(X + 2)* 2(X+2z2)*
[o)
T emiX g g z 3 z° 1.03 2%\

+/ — (14 - - -
deo X+ 2z vV 2(X+2) 8(X+ )% 2(X+2)Y

For values above- -4, there Was used the expression ob-
tained by integration by varts

~ -iX r z/2
P(2) = -1/2 + 1/228 -/ S ___ 8 %is _ z(zx 22 (x2% 4+ 2?) ]
. X3 L Jd
o :
The integral in the second member was calculated nu-
merically by extending the integration up to a limit such
that troe remainder, which could easily be estimated, re-
mained less than the predetermined limits of approximation,
The values obtained are given in table I,

The function  of the parameter W, also fundamen—
tal for the computation, is given by the graphs of figure
3 in which ' and W''! are respectively the real and

imaginary parts of the function,
APPLICATION TO AN ELLIPTIC WING

The theory given above was apolied to a wing with el-
liptic plan form., In this case: '

L =4 L «in {/m
o P

We express the total circulation by means of the sum-
mation : '

K =m L VEE sinn (7)

wihere K, 1s the numerical complex constant,
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- TABLE I
. - SEES - . -

0.0 .1,571 i 2.2 0.113-0.425
.1 2.109-1.375 1 2.4 .. 097~ .395
.2 1.490-1,248 i 2.6 083~ .359 1
.3 1.155-1.146 1 2.8 072 . 345
L4 .955-1.oéo i 3.0 .063. 324
.5 .778- .987 i 3.2 .055~ .305'
.3 .658- .gzé i 3.4 Z:O48— .289 i

7' 564~ ,865 i 3.6 043~ ,274
.8 .489- ,813 i 3.8 039~ .280
9 .427~ ,7583 i 4,0 L0365~ , 248

1.0 L376- 7256 i 4.2 L031- , 237

1.1 333- .5889 i 4.4 .028- .226

1.2 L297- .654 i 1.6 ,026- .217

1.3 L2585~ ,624 i 4.8 ©.024- ,208

1.4 .238~ .593 i 5.0 .022- ,200

1.5 .214- ,587 i 5.2 .020- .192

1.6 _ .194- .540 1 5.4 .0l8- ,185

1,7 ‘ 176~ (517 1 5.5 '.017- 179

1.8 .150- .495 1 | 5.8 © 016~ .172

1.9 . .l4s- 475 i 5.0 ;015- .167

2.0 .i34— L4588 1 - © 1/22%.1/3
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Equation (4) now becomes

-W, sin t/v = TH s K, sin n { + ._Xiln K, sin n { +
4 2

W
+ i 5 sin { J, P4 { S n Ky cosn ¢

In the computation, only even terms of the series
were retained so as to obtain a velocity zero at the cen-
ter section without haviang to add a supplementary equation,
there being thus assumed .equal and opposite displacements
for sections equidistant from the center section, More-
over ithe state of motion of one half-wing has in our case
only a slight effect on tue field of flow about the other
half-wing. This is because in the case of vibration the
saximum displacements occur at the tip sections, which are
therefore far removel or bscause the induced velocities of
the angle vortices in the case of oscillatory motion de-
crease with distance more rapidly than in the case of
steady motion,

Limiting the summation to the terms in Xs and K,,
there were applied and the values of . W, at the sections
corresponding to z = C,7 and .z = b/2, and thus two
linear egquations were obtained with complex coefficients in
the constants Kg and K,.

It is convcnlent to conslder the results separately
for the various.components, :

Lift produced by the flectional {flavpping) motion,-
In this case there are constant velocities along each
chord. Of the Wn, only WO. ig different from zero:and
givon by

WO = 1QQJ

where ®@(z) is the law which defines the flectional dis-
placements along the span,.

Having determined the bound circulation in the manner
explained above, it is necessary, for the computation of
the mean aerodynamic coefficients, to know the quantity

2

Lop = /p ¢y P L V™ @d z (8)
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The real part of Lwp represents the virtual work
.by.the aerodynanic actions in phase with the motion; the
imaginary part gives the work of the components in quad-
rature, : o . : A

By (6) and (7), equation (8) becomes

wa =pYV fb Ku, odz = p T v® f‘ul ® d‘z Z Ky sin n ¢
' . {(9)

By (la), (2), and (38), equation (8) may also be written

2 . i.a50
LQQQ{):TTPV(al'bePgd-Z+erC\02wa d.z+"g becpad_z)
(10)
Equating expressions (9) and (10) for L,,, there is
obtained an equation which giveg the coefficients a;' and
ag.

The computation was carried out assuming for the flec-
tional displacements the law

P o= K cos § Ecos C!

In figure 4 1g plotted the variation of the real part
of the magnitude X/m T V along the span for A = 6 and
for the values of W indicated on the figure, Figure 5
gives the imaginary part, As may be seen from the curves,
the total circulation varies apprceciably with.the fre-
qucncy of the oscillation,

Figure 6 shows tne digtribution of 1lift produced by
the flectional displacemont considered, The curves give
only the component in gnadrature with the displacements
(the ordinates of the curves give the values of the real
vart of cp/w). The component in phase has not been plot-

ted, since it is of less importance,. The reduced fre-
guencies to which the curves refer are indicated on the
curves, ‘ -

The values of the coefficient as obtained for A =
6 and A = 3 are plotted in figure 7 as a function of .
This coefficient decreases rather slowly with increase in
the reduced frequency, while in the case of plane motion
it has a steep slope. The values obtained experimentally,
indicated on the figure by small circles, have the saume
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general tendency as the theoretical values but lie some-
wnat above the latter*, The measurements on this coeffi-
cient will be repeated in order to ascertain whether the
disagrecement does not depend on the friction of the oscil-
lating system.

The coefficient a,' is rather small; the curve in
figure 7 corresponds to A 6. For practical applica-
tions, this coefficient may be neglected and it may be as-
sumed, if the mass of the systeuw is dynamically determined,
that the lift is in guadrature with the displacement which
generates it. Also in the test, the coefficient a, ' came
out so small that 1t was not measured,

i

Tne computation was also performed assuming a linear
law to represent the displacements; that is, putting

v
M = == COSs
Q

The values of the coefficients obtaincd ian this case
differ only slightly from tnose of tune first case and were
not plotted, since the curves would not be distinguishabdle,

Moments about the aerodynamic center produced by the
floctional ogcillation.- For tne wing of infinite agpect
ratio, tae wo.1zent about the aerodynamic center producecd oy
the flectional oscillation has no component in guadrature
with the motion which generates it but is reduced to a
puare inertia effect (b, = w2/4; by = 0), The result may
be nheld valid also for tne finite wing., The component of
the moment in guadrature with the flectional motion is
equivalent to a displacement of the aerodynamic cecnter by
less than 5 percent of thae chord

l-bf); \ ‘ . .
< or ;gl < 0,05 ). The component in phase except for the

2 /

inertia term is also negligible,

*In regard to the comparison of the resualts of the tests
conducted at Turin, it isg necessary to observe that a causge
of uncertainty exists in the fact that the aspect ratio of
the model under the test conditions employed is not easy to
define, The tests were conducted in a free jet tunnel of
rather gsmall dimensions and tue effect of tae jet boundary
was rather difficult to estimate, The presence of a plane
at the bage of the model for the purpose of masking the un-
derstructure complicates the phenowmenon,
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Lift produced by .the torsional oscillation,-~ The
-focal axis -ig-aggumed.rectilinear and there are deter-
mined the aerodynamic-actiong corresponding to the tor-
sional oscillations about thig axis, In this case . -

-7 =7V (1l +iw/2-iw cosd)
and therefore
Wy = TV (l o+ iw)

W, =1 VVuw

All the other W, are zero,

daving determined the bound circulati on, there was
computed the work of the aerodynamic actions, due to the
torsional motion, againgt the flectional displacements,
By eguations (lb), (2), and (3), this quantity is

- aﬂ
'DW”DT_“['DOPDLV o d 2z

=1 P v? (ag' fb oY L a2 ~€E fb P o vl dz +

i a, O R
2 Ba Joo v 1T a a) (11)
7

On the other hand, by (3) and (7), this quantity is equal
to

‘2
. - 5 m™ev

Lyp = mP LV Jy ® u,dz %k, sin nl+ —— /p wiouldz  (12)
Equating ‘the two, there are obtained a,! and a,.

In order to represent the angle of torsion, there is
assumed the law “ “ '

¥ = cos ¢
The values. of the coefficient a,' for A = 6 and
A =3 are sihown on the curves of figure 8, The coeffi-

ciert varies little with ®, which fact agrees with the
results of the test, indicated on the figure by small
circles, : - :
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Also the coefficient ay given'for A = 6 and ) =
3 on Ilsure 7 varies Sllﬂﬂtly, while in the case of plans
motion it decreases strongly toward small reduced frequen-
cies, Tune experimental values indicated on the figure by
small circles are somewhat below the theoretical,

Moments about the aerodynamic center due to the tor-
sional oscillation.- The workx done by the acrodynamic ac-
tions produced by the torsional motion against the tor-
sional digplacements from (1d), €), and (3) is given by
the expression

2, 2 3 2.2 1b,02 2
L\,/\{j = 17 P VB <b§3 'fbll/ L dz - gé’ er U)g \meud z + 1-....4_- Jr \U Irsd 2 >
. v ‘

and from (&) and (7) by

s 2 ;= v . r . v, 2. 8
wa:%.q—rpv (L YwpLdzIE  sin nf+ .y w(l —ig/4ay 1dz)

Tquating these two expressions, there are computed the two
coefficlents Dbg! ard Da. The coefficient Db,', which
for the infinite wineg is zero, comes out as a small valus
for the finite wing., 'Tie coefficient b, which for A =
&« is equal to 1,8, has for AN =6 and A = 3 the values
given by the curves on figures 9 and 10, The experimental
results are in good agreement with the theory.

APPRCXIMATE ALCU“AIT|T ¥ OF THE COEFFICIENTS

Por systems of disvnlacement different from those to
which the previous curves refer, 1t 1s nccessary to con-
sider tnec solution of eguation (4). The computation, even
if only approximate, is in every case very laborious: that
of the velocities induced by an assigned system of vortices
sufficiently simple for the case of steady motion must,
for the nonstationary motion, be carried out by the method
of grapaical integration, and is complicated by the pres-
ence of points of infinity in the function integrated, We
shall therefore indicate an approximate procedure for the
deteranination of the coefficients. The Justification of
the method lies essentially in the agreement of the re-
sults with those obtained by usiag the more exact method
indicated above, In the cases considered no practically
appreciatle difference was found betwecn tne results ob-
tained by the two wmethods of computation,
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From what has been said, what is to be determined in
each case is the work which. the aerodynamic forces due to-

"an assigned system of displacements S perform when cer-

tain digplacements  S' are impressed on the system. The
displacements under.congideration may be flectional, tor-
sional, or those of the aileron, the condition required
being that the motion of the various sections be in phase.
If this condition is not gsatisfied, it is possible to re-
duce to this condition by dividing the motion ¢f the sys-
tewl into two components in gquadrature, The displacements
S and S' may be represented respectively by the real
functions s(z) and s'{(z). With these functions known,
there is first solved the equation

['d Ko d 2z,
‘/b dz, z,-2

.
s L =K, - =
4

0 (13)

The value of KXo obtained by this eguation represents
the distribution of total.circulation, which under the
conditions of stsady motion would correspond to a dis-
placeaent law given by s(z). The solution of the egqua-
tion may be found, for exawple, by following the procedure
given in the paper by Gebelein (Uber die Integralgleich-
ung, etc., reference 8)

If for each section there is computed the effect of
the tip vortices, concentrating the circulation increase
at the distance L/2 k on the two sides of the section,
(13) becomes simply

s L = Ky' (1 + k) (e

Ve define the numerical factor k (independent of
z) by the condition that the virtual work against the
displacements s' of the lifts corresponding to s, cal-
culated by the use of (l4), have the exact valune given by
he solution of (13). That is, we write

Sy gy st @z = Kt s dz
from which
. s s'' L 4 =z
k(s, s') Q - 1
' b &o s' 4 =z
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liaking use of this coefficient' k also for the .case
of oscillatory motion, we:concentrate the increase in total
circulation at the same distance from the section.as for
the case of steady motion and eguation (14) then becomes -

. ;ﬂ ¥, L = K b (W) + & - i u)F(uyk)j

In order. . to compute the mean coefficients of the
aerqgdynamic actions, Wwe refer to a mean profile of chord
T, .The total circulation will be given by

K = -T7 Wof

(@ + X -1 F(v/k)

and thereforec setting

N
A = SE—
L+ X -1 wbF
: o (2)
1 - A - 1 A" = 2
SIS
there will be obtained from eguations (&)
i—cp Vo= W, ’&(l N I +i§>+ 10 (T, - W,)/4
_ _ (15)
%cva = 1wyu AT+ w1'<1 - i:li”:). W, (1 - %li)"; /4

Tae functions A' and A" are given in table I of
reference 5. Tone values of |4, are given in figure 3.and
those of F in table I of the present note, The factor
A, a function of W, and throuzh k, of the plan form
of the wing and of the displacement lawsg, tends in the
case of infinite aspect ratio (k = 0), to the value
unity and in this case equations (15) furnish equations
(1) of the above reference,
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We observe that the value of k does not vary much
..on.changing the system of digsplacements, For an elliptic

wing of A = 6, there is obtained:
For s = s' = cos!{ %k = 0.67
and for g = s' =‘'cosd icosl! k = 0.70
. L !

The application of 'the method ‘indicated to the case
of flectional torsional oscillations is immediate, If only
the first harmonic is cousidered, the laws of variation of
the flectional and torsional displacements are not very dif-
fecrent. For the parameters k(op, o), k(V¥, o), k(n, ¥), and
x (W, Y), there will be sufficiently close values. Using
a mean value of these, it will then be possible to determine
the ‘coefficients by means of the relations

a +2 i @ a, = -2 1 @A (L - N -1 X" 41 ®/2)

it

a, + 2 i © a, AL + 1 @ (T - A = 1 A" + 1 @/2)

b, + 21 ®b, = A&%/4 P

by + 2 1 Wby =1 (1 + 1 ® AB + 1 01 + i w/4)/s

4

which are readily deduced from equations (15)., The exten-
sion to systems with ailerons also is simple,

CHAECK OF THE FREE OSCILLATION TESTS

From the measurements carried out, the mean values of
the aerodynamic coefficients were derived and with these a
check was obtained on the free oscillation tests conducted
at the Aeronautical Laboratory at Turin (reference 9).
For the computation, there has been assumed

-as = a, = 0,55
a, = 0.38
b4 = 0.1
a. =b, =b_=Db_ =20
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-The-values of tho other parameters of the structure
are given in reference 3., -Tne. critical velocities are
plotted in figure 11 as a function of the ratio of flexural
stiffness Re %o torsional stiffness Ry, The experimen-
tal values are indicated by the black circles, On the same
figure are also plotted the values of the ratio of the fre-
guency of oscillation corresponding to the critical veloc-
ity to tnat of the pure torsiom., The experimental values
are in good agreement with the theoretical,

We denote by A the couplex amplitude of the flec-
tional displacement at the tip section of the model, by B
the amplitude of the torsional oscillation and put A/BL =
f + iq; f thus representing the component in phase and
q the component in cuadrature of the flectional motion
with respect to tae torsiomnal, Ths curves obtained for
these magnitudes are given in figurc 12 as functione of the
same parameter Re/L®Ry. If account is taken of the diffi-
culty of such measurcwments, complicated by the fact that
actually the condition of steady oscillations cannot be
realized, it may be stated that the agreement of these val-
ues with the theory may be considered as satisfactory, It
ig necessary also to observe that the two series of tests,
namely, %those of tane frec vibration and those of the aero-
dynamic actions were carried out on entirely different pro-
file sections.

On the bagis of tane results obtained, it may be stat-
ed that it is peraissible, for an approximate calculation
of the critical velocity, to apply the coefficicnts thus
determincd,

Translation by S. Reiss,
National Advisory Committee
for Aeronautics,
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